A THEOREM IN HOMOLOGICAL ALGEBRA
AND STABLE HOMOTOPY OF PROJECTIVE SPACES

BY
ARUNAS LIULEVICIUS(!)

Introduction. The paper exhibits a general change of rings theorem in homo-
logical algebra and shows how it enables to systematize the computation of the
stable homotopy of projective spaces.

Chapter I considers the following situation: R and S are rings with unit, h1:R - S
is a ring homomorphism, M is a left S-module. If an S-free resolution of M and
an R-free resolution of S are given, Theorem I.1. shows how to construct an R-free
resolution of M.

Chapter II is devoted to computing the initial stable homotopy groups of
projective spaces. Here the results of Chapter I are applied to the homomorphism
a:A— A of the Steenrod algebra over Z, (see I.3). The main tool in computing
stable homotopy is the Adams spectral sequence [1]. Let RP®, CP*, HP® be the
real, complex, and quaternionic infinite-dimensional projective spaces, respec-
tively. If X is a space, let II5(X) denote the mth stable homotopy group of X [1].
Part of the results of Chapter II can be presented as follows:

m: 1 2 3 4 5 6 7 8
RP®. Z, Z, Zg Z, O Z, Z¢DZ, 72,9Z,0Z,
CP”: 0 4 0 z z, Z Z, Z®Z,
HP*: 0 0 0 z z, Z, 0 z

CHAPTER I. HOMOLOGICAL ALGEBRA

1. A change of rings theorem. Let R and S be rings with unit, /: R—> S a
homomorphism of rings; under h, any left S-module can be considered as a left
R-module.

Let M be a left S-module. Let Y be an S-free resolution of M: Y = X ., Y,
with differential d’ and augmentation ¢’. Let X, be an R-free resolution of ¥,:
differential d” and augmentation ¢, onto Y.

Let C= X0 X,, Ci=2,4,=4X,,, and augmentation &=g'( X.g,). If
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f: C— Cis a homomorphism which lowers total degree, then f = X;° . f;, where
f k: X q - X q-k*

THEOREM I.1. There exists a differential d: C— C such that {C,d,¢} is an
R-free resolution of M. The differential d can be chosen to have the properties:

(1) d, is induced from d’,

) dlsq+1 = eqdl >

3 Zf=odidk—i =0;
conversely, any map with properties (1), (2), (3) is a differential which makes C
acyclic.

ReEMARK. Let G be a finite group, H a normal subgroup of G, K a ring;
let R = K[G], S= K[G/H], M = K.Theorem 1.1 was proved byWall [14] in
this special case. The proof presented here is a straightforward translation to
the general case.

Proof of Theorem I.1. Let us show that any d with properties (1), (2), (3)
makes C acyclic. Filter C by F’C = X ., X,. The differential d preserves filtra-
tion, and the associated spectral sequence converges to H(C). The differential
in E° is precisely d,, hence E' = Y, with d" corresponding to d’ because of (2).
Since Y is a resolution of M, E*> = E® = M, hence C is acyclic.

To prove that d with properties (1), (2), (3) exists is easy. Since the X, are
R-free resolutions of Y, we can construct an R-map d,: X, ,— X,_; , such that
g,-1dy = d’¢;. To construct the maps d,, k = 2, we use induction on the total
degree g + r of X, ,. We set d; = 0 if it lands in X. ,, with ¢" < 0. Suppose d has
been defined on X,.,  with ¢" +r' <q +r, and d,, ---, d; have been defined on
X, Letf=— ¥ 1didysi-;. We claim there exists a map d,,,; such that
dod,+1 =f. To prove this it suffices to prove that dof=0and ¢,_,_,f=0, but
this is easy:

k+1 k+1 i

dof= - igldodidk.'.l_i = 2 Z djdi—jdk’l'l—i

i=1 j=1

which completes the proof of Theorem I.1.

2. Hopf algebras. Let E, F be graded, connected, associative Hopf algebras
over field a K [12]. Suppose that F is a Hopf subalgebra of E. Then, according to
Theorem 2.5 of [12], E is free as a right (or left) F-module. Therefore we have

ProPosITION 1.2. EQ is an exact functor of left F-modules into left E-modules.

We shall say that F is normal in E if FE = EF, where F denotes the augmen-
tation ideal of F. Let B=E|//F = E|EF.
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PRrROPOSITION 1.3. If W is an F-free resolution of K, then E®g W is an E-free
resolution of B.

Proof. Proposition 1.2 and EQ;K = B.

REMARK. Let R=E, S = B, and h: R — S the projection map. Let M be a B-
module, Y = B® ¥ a B-free resolution of M, U =F ® U an F-free resolution
of K. Then, according to the proposition above, we can take for X, in Theorem I.1.
the complex E @ ¥, ® U with the differential induced from U (see [10]).

3. The Steenrod algebra. Let A be the Steenrod algebra [11] over Z,.
The graded dual A* is a polynomial algebra and the squaring map in A* is a Hopf
algebra map oa*. Let a: A—>A be the dual of o*; « is defined by
a(sqzrn): qur )

If I is a finitely nonzero sequence of non-negative integers, then we let Sg’
denote the Milnor basis element corresponding to I. Let A; be the sequence
consisting of 1 in the ith place and zeros elsewhere. Define the elements

Q;=Sq¢", R;=Sq**.

Let C be the subalgebra of 4 generated by 1 and Q,, k =0, 1, ---; B the subalgebra
of A generated by 1, Qy, and R,, k=0,1,---.

PRrROPOSITION 1.4. B and C are normal Hopf subalgebras of A, and
Kernel o = AC,
Kernel a0 x = AB.

Proof. Immediate consequence of Lemma 2.4.2 of [2].

ReMARKS. 1. The preceding proposition states that we may consider a and
® o o as the projection maps 4 —» A//C, A— A||B, respectively.

2. The map o halves the grading. Let 4 denote A with the grading of every
element multiplied by two. Then a: 4 — 4 preserves grading. The reader is asked
to make such adjustments in the following pages.

It will be necessary to know the groups Ext&'(Z,, Z,), Ext;*(Z,, Z,). The
first is easily determined, for C is a Grassman algebra:

EXt*C:’*(ZZ’Zz) =2, [‘IO’ s ks ]’
where the polynomial generator g, € Ext»2**'~1,

We compute Ext(Z,,Z,) using Theorem I.1. We shall use the standard
minimal resolution of Z, over C. Generators will be in one-to- one correspondence
with finitely nonzero sequences of integers I (the free C-generater corresponding
to I will be denoted by [I]). Let I = (io, iy, ***, iy, ---), then degree [I]
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= X,y grade [I]= XZ;i,(2**! - 1). The differential in the minimal resolution
is defined by

J[I] = 20 Qr[I - Ar]a

where we set [I — A,] =0if i, = 0.

According to Proposition 1.4, Kera|B = BC, and C is normal in B. For the
module X; ; in Theorem I.1 we take the free B-module on generators [I]1® [J],
where degree [I]=i, degree [J]=j, and grade ([I]®[J]) =2 grade [I] +
grade [J]. The augmentation ¢; is defined by ¢([I] ® [J]) = 0 if degree [J] >0,

l([I] ® [J] =[I] if degree [J] = 0. Both d, and d’ are defined by the formula
for d above. An easy induction on the degree of [J] shows that we can define the
maps d, for k = 1 as follows:

[Ie] = >k: R[I-AJQ®[J] + § Gier + DI = AJQ[J — Ap + Agsql,

d,[I1®[J] = 2 Uis1 + DQo[I = Ao = A]®[J + Ayl
;lI1el] = 2 Uktt ¥ DUisr + DI = Ao = A= AT [J + Ayy + A4 4]

+Z (’ +2)[I—Ao—zA,]@o[J £20001],

d,=0 for n=4.

Since we will only use the groups Ext}'(Z,,Z,) for t — s < 13, it is sufficient to
consider the generators [I]® [J] in the resolution for which i, =0 for k = 2,
j, =0 for r = 3. Thus for t — s < 13 Ext}(Z,, Z,) is additively the homology
of the bi-graded algebra Z,[xo,%;,0,¥1,V2], Where grade (x;)=2°*? -2,
grade(y;) = 27*1— 1, degree (x;) = degree(y;) = 1, under the differential 5, + &,
where 4, is a derivation and

0;1(x) =0, 6,(y0) =0, 51()’,‘) = YoXj-1:

8, is a map of Z,[x,, x,, yo]-modules with

02(x)) = 0, 6,(y9)=0,

m
5,(yTy3) = mymyxdx,yrlypr? +( 5 )xgyi"‘ 2y5

+ ( "; )xox’y""y'z’" 2
and 6,6, + 6,8, = 0. We list some obvious cycles under §; + J, in the following

table, and give classes in Extp, which they determine. (B, is the subalgebra of B
generated by Q,, Ro, R;, and Ext}i(Z,,Z,)= Ext}(Z,,Z,) for t—s<13)
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TABLE

Cycle Degree Grade Class

Yo 1 1 8o

Xo 1 2 ko

X 1 6 k,
Xoy2 t+ X1)1 2 9 Y
Yo¥i + Xom 3 7 o
YoV3 + XoX1¥2 3 15 T
Vi 4 12 w,

2 4 28 w,
Yoyiv: + xoy1yi 5 21 Tos

2
+ XoX1)1)2

ProposiTION 1.5. Ext};

t
1

8oskos k157,70, 71, T01, W1, @3

[December

(Z,,Z,) is generated as an algebra by the classes

Furthermore, it is a free Z,[wy,w,]-module with the following monomials as

generators:

gg’ g:).to’ 381-'1, g'(l)TOIs ngo,

kok{, 0<i<2, 0<j (if i>0, then j< 1),

kokiy, kiy?, Kiy>.

Proof. Find the homology under 6,, decompose the homology into a tensor
product of standard complexes under §,, and use the Kiinneth theorem over

the ring Z,[x,]-

ReMARK. Once Extp (Z,,Z,) is known, it is very easy to construct a minimal

resolution for Z, over B;. The task is left to the reader.

4. Operations of Ext and the Adams spectral sequence. Let 4 be the Steenrod

algebra over Z,, L a left A-module. There is a natural map

p:Ext§"(L,Z,) ® Ext}*(Z,,Z,) —» Exty "™ *(L,Z,)

which makes Ext,(L,Z,) into a right Ext,(Z,, Z,)-module. For the definition of u

see, for example, [2]. We write o * § for u(a ® B).
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For the Adams spectral sequence see [1].

THEOREM 1.6 (ADAMS). The spectral sequence for the sphere S° operates on
the spectral sequence for any arbitrary space X. In particular, if

heExty'(Z,,Z,), acExty(H*X),Z,),
and d](h) = O’ j = 29 APY dk(a) = 0’ k= 29 e — 13 then
d({axh}) = {d,a}*h.

Proof. The proof of Theorem 2.2 of [1]; see also Théoréme IIB, Exposé 19
of [6].

CHAPTER II. STABLE HOMOTOPY OF PROJECTIVE SPACES

1. The prime p = 2. Let RP®, CP®, HP® be the real, complex, and quater-
nionic infinite-dimensional projective spaces, respectively. It is well known that

¢)) H*(RP*;Z,) = Z,[x],
() H*(CP*;Z,) = Z,[y],
€)) H*(HP®;Z,) = Z,[u],

where x, y, u are the nonzero 1,2,4-dimensional classes, respectively. Let L, M, N
be the elements of positive degree in (1), (2), (3), in the order given. Let a: A > A4
be the dual of the squaring map (see Proposition I.3).

PrROPOSITION II.1. There are Z,-isomorphisms f: M— L, g: N— M such that
the following diagram is commutative:

AQN—>N

o | |

4 AQM—>M

wr | s

AQ@L —/8>L,

where the horizontal arrows indicate the action of A.

Proof. According to [11], if 6 € A4, then
x n
® 0x =X (&,0)x>.
n=0

Let h:RP® —» CP® be a map such that h*(y) = x*; h* is a monomorphism.
Thus from (5) and h*
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by = § CELOY Y.
n=0

Let f: M — L be the algebra map given by f(y) = x. Then f(0y) = a(0)f(y), for
(EZ,0) = a*(&,),0) = (&, a(f))>. With this choice for f, the bottom rectangle
of (4) is commutative. The proof is completed by defining g(u)=y and consid-
ering a map k: CP® — HP® such that k*(u) = y°.

REMARK. Proposition II.1 is used by S. P. Novikov in his investigation of
Thom spectra (dissertation — unpublished).

According to the proposition M and N are isomorphicto Las 4-modules through
the homomorphisms «,« o a, respectively. We are all set to apply the change of
rings Theorem I.1. since we know the cohomology of the subalgebras C and B
(at least in low dimensions, see Proposition I.3).

Before we introduce the results, let us define some elements in

Ext(Z,Z,): go € Ext’!, h,e Ext"*"", i=0,1,--

(the element g, corresponds to the element h, of [2]; our h; corresponds to h, .,
of [2]).

PrOPOSITION I1.2. As an Ext,(Z,,Z,) € module, Ext" (L,Z,) has the fol-
lowing elements as generators for t—s <10 (if s<2) and t—s =<9 (ifs>2):

€0,15€0,3,€0 75€2,105 €4,13

where e, , denotes a nontrivial class in Ext(L,Z,). A Z,-basis in these dimen-
sions is given by the following set of classes:

€,15 €o,1* ho, €9 1% hy, €1 *hy, €g 1% hohs,
* h? 2 *xh
€0,1 1> €0,3> €9,3%¥ 80> €0,3% o> €0,3% Ny,
k
eo.3% hy, € 3% gohys €9,7* gos k=0,1,2,3,
2
eo.7* ho, €9 7% hg, €310, €2,10* Hos  €4,13-

Proof. Explicit minimal resolution, using the methods of [8].
ReMARKS. Compare Proposition I1.2 with the results of Adams vanishing
Theorem [4]. Also e, 13 = Pe, , (see Theorem 5 of [4]).

ProrosiTION I1.3. Ext$'(M, Z,) has the following Z,-basis for t — s < 11:
€0 2% 805 €0,6% 80> €15% 80 €2 12* £os e3,11*% 8> n=0,1,-,
€o,2 % hy, €o,2% gohy, €o,2 * hzg(’)‘, k=0,1,2,3,
€o,6* hos €06 * hg, €3,13% gﬁ, k=0,1,2,3, e314-

ProposiTION 11.4. Ext%'(N, Z,) for t — s £ 13 has the following Z,-basis:
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€0,4* 80 €0,12% 20> €3,11 % g n=0,1,2,-,

€,a* ho, €94% hg, €1,105

e1,10* ho,  €3,10% hg, €1,12% g’é, k=0,1,2,3,

e12*ho, €313, €y13%ho, €3,13% hg, es,18, €0,12% ho-

ProPOsITION I1.3 and I1.4 are proved by using the constructions of Theorem
I.1. In the proof of Proposition I1.3 we take an A-minimal resolution Y of L and
take the tensor product of Y with a minimal resolution of Z, over C. In the proof
of Proposition II.4 the tensor product of Y with a minimal resolution of Z, over
B is examined. In both cases, for the range of s and ¢ given, only the map d, need
be examined.

We give a sample computation. The minimal resolution of L over Afort —s< 5
can be taken as follows:

0-Léc,qc,éc,lo0c0.,

where C, is free on ¢y, ¢o,3, C, is free on ¢, 3, ¢4 4, €15, C, is free on ¢, 5 ; the
maps &, d are defined to be

&co,1) = x,e(co,3)=x3,
d(cy,3) = a4c0,15

d(cy,4a) = Qoo s+ QiCo,1>
d(cy,s) = asco,1,

d(cz,s) = QoC1,4 +a1€y1 3,

where a; = 5¢%, Qi = [a:i+1, Q-

Take generators [I] of a minimal resolution W of Z, over C in one-to-one
correspondence with finitely nonzero sequence I of non-negative integers. We
denote by A, the sequence consisting of 1 in the ith place and zeroes elsewhere;
we let I — J be the sequence of term-by-term differences (we set [I — J] =0 if at
least one entry is negative). The differential d” in W is defined by

@l = T o1 -1,

Let us show as an example that we can define d; on ¢; s ® [nA,] as

a3co,1 ® [nAg] + ajasco ; ®[(n— DA + Ay] +ayco 1 @[(n— 1)Ag + A;]
+ a0 1 Q[(n—2)Ag +2A,] +¢o 1 Q[(n—2)Ao + Ay +A,]

+ a1¢0 1 ®[(n—3)Ag +3A;] +¢o,1 ®[(n — DA, +4A,].

(6)
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We shall need relations in addition to those exhibited in Chapter 1.3:

Qo3 = a3Q, +a,a,0; +a,Q,,

Qo = a,Q0 +a10,.

The proof that (6) is admissible by induction on n. Since a(az) = a,, (6) is fine
for n = 0. Suppose (6) is acceptable for n > 0:

dido(cy,s @ [(n + 1DA,])

d1Q0c1,5 @ [nAo]
= Q08301 @ [nAo]
+ Q08182601 ® [(n — 1A, +A,]
+ Qoa5¢0,1 ® [(n — 1)Ao + A,]
+ Q082601 @ [(n —2)A, +2A,]
+ Qoco,1 ®[(n—2)Ap + Ay + A;]
+ Q08101 ® [(n — 3)Ao + 3]
+ Qoo 1 ®[(n — 44, +4A,]
= (a3Q0 + a1a,Q; +a;0,)¢o,1 ® [nA,]
+ (a18,Q0 +a,Q1 + 05)¢0,1 @ [(n — 1)Ao + A,]
+ (a1Q0 + 01)¢0,1 ® [(n — DA, + A, ]
+ (a,Q0 +a101)¢o,1 ® [(n — 2)A +24A,]
+ Qoo 1 ®[(n—2)A0 + A +A,]
+ (31Q0 + @1)¢o.1 ® [(n — 3)Aq +34,]
+ QoCo,1 @ [(n — 4A, +44A,],

which is precisely d,, of (6) for n + 1, which completes the inductive step.

Let IT3(X ; p) be the mth stable homotopy group of X [1] modulo the subgroup
of elements having finite order prime to p. II3(X; p) may be computed up to
extensions by the Adams spectral sequence for the prime p; the extension can
often be determined if we remark that *g, corresponds to multiplication by p
in I15.

PROPOSITION I1.5. In the Adams spectral sequence (p=2) for RP* all dif-
Jerentials vanish in total degrees < 10.

Proof. Since in the Adams spectral sequence for the sphere d,(g,) = d,(h,)
=d/(hy) = d,(h;) = Ofor all r [4] according to Theorem I.6. it suffices to prove
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that all differentials vanish on e, ;, €53, €9 7, €2 10, €4 13, but this is easy for

the differentials land on groups which are zero according to Proposition IL.2.
Since RP® = K(Z,,1) we do not have to consider the spectral sequences for

p odd: they are all zero. Since *g, corresponds to multiplication by 2 we have:

THEOREM IL1.6. The stable homotopy groups TIf (RP®) are as follows for
k<9:

=
o T2

Z,6®DZ,
Z,®Z,®Z,
9 2,0Z,0Z,0Z,.

We precede the next theorem by a proposition about stable secondary coho-
mology operations.

L - Y I N P R
N
[ 8]

PROPOSITION I1.7 (ADAMS). There exists a stable secondary cohomology
operation ¥ of degree 4 such that if yc H*(CP®;Z,) then ¥(y) is defined and

¥(y) = y* modulo zero.

Proof. This is Theorem 4.4.1 of [2].

THEOREM I1.8. In the Adams spectral sequence for CP® (p =2) the only
nontrivial differential in total degrees <9 is

dy(e0 6) = €o 2 * Zoh -
Furthermore, the groups II3(CP®;Z,) are as follows for m < 8:
m: 0123 45617 8
m: 00 202 2,Z 272, Z&Z,.

. Proof. Suppose a* g} =0 for some j. Then if d(a)=b, b* g=0 in E,,
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according to Theorem I.6. This settles all differentials in total degrees < 9, except
d,(eo,6)- According to Proposition I1.7, e, ¢ cannot be a d,-cycle for all , since it is
not in the image of the mod 2 Hurewicz homomorphism. This implies that r = 2,
for d,, r > 2 is automatically zero on e ¢ .

THEOREM 11.9. In the Adams spectral sequence for HP ® (p = 2) all differen-
tials vanish in total degrees < 11. Furthermore, the groups TIS(HP %;2) for
m £ 10 are as follows:

m: 0 1 2 3 4 5 6 7 8 9 10
nmn:o o o o0 zZ Z,2Z, 0 Z Z, Z,.
Proof. Proposition II.4 and argument as for Theorem II.8.

2. The primes p > 2. In order to complete our study of the initial stable
homotopy of projective spaces, we must examine the Adams spectral sequences
for CP® HP®, for primes p > 2.

The following two propositions are proved by constructing minimal resolutions
for low total degrees. The task is straightforward and is left to the reader.

Let M = H*(CP®;Z,) the augmented cohomology of CP®, p an odd prime,
A the Steenrod algebra over Z,,.

ProPOSITION I1.10. A4 Z -basis (p > 2) for Exty(M,Z,) for t—s<6p—4 is
furnished by classes

n n n
€0,2;* 80> €1,2k+2p-1% 80>  €2,2:+4p-2% 80>

€1 4p-25 €1,4p-2% o>

where j=1,---,p—1,2p-1, k=1,--.,p—1, r=2,--.,p—1 (p>3 for r),
n=0,1,---; if p=3, we have in addition

€% hy, €1,4p-2% ho, eo,2% hi8o, €o,2* hlgg'
Let N = A*(HP*®;Z,).

ProposITION IL.11. Let p>2. Then Ext}'(N,Z,) for t —s < 6p — 2 has the
Sfollowing elements as a Z,-basis:

€0,ak* 80> €1,4j+2p-1% 80> €2,4j+ap-2% £0s
eo.s* ho, €oa*hogo, €o4* hogcz)’
wheren=0,1,---,k=1,---, 4 (p—1),3C@p—-1),j=1,-, ¥ (p-1).

We are now ready to examine the Adams spectral sequence for CP*, HP” for
an odd prime p.

PROPOSITION I1.12. There exists a stable secondary cohomology operation A of
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degree 4p — 4, defined on cohomology classes x such that Qux =0, Q;x =0,
P2%x =0, such that
A(y) = by**~* modulo zero,

where b #0 and ye H(CP®;Z,).

PrOPOSITION II.13. There exists a stable secondary cohomology operation
I' of degree 6p — 6 such that

() T isdefined on ye H}(CP®;Z,) ue H*(HP*;Z,)

(i) T(y)=cy**"%, modulo zero, where c #0in Z,,,

(iii) T'(u) = 2cu**~ V"2, modulo zero.

ProposiTIONS I1.11 and II.12 are proved as in [9] using [2].

ProPOsSITION 11.14. (i) The only nontrivial differential inthe Adams spectral
sequence for CP* and p 2 5 for total degree < 6p — 4 is given by

dZ(e0,4p—2) = be1,4p—2 * Zo>
where b#0in Z,.
(ii) Statement (i) is valid for p =3 in total degrees < 13.

Proof. Consider the case p = 5. According to Proposition II.10 all nonzero
elements of Ext,, (M, Z,) have even total degree—except e; 4,-,and e; 4,_,* go.
The only elements in total degree 4p — 4 are the basis elements ey 3, 5.42,-1 * &5-
Theorem I.6. shows that all differentials vanish on e; 4,_, for e; 4, ,* g2 =0.
In order to prove (i) it remains to show that the stable mod p Hurewicz homo-
morphism is zero in dimension 4p — 2. This is taken care of by Proposition II.12.

TueoreM I1.15. (i) If p=5 the groups II (CP” ;p) for k< 6p— 4 are as

Jfollows:
II; (CP®;p) = Z fk=2,1<i<3p-2,

I;(CP®;p)= 0 fk=2i+1,i#2p—2
I(CP*;p)=Z, ifk=4p-3;
(ii) the groups IIF(CP%;3) for k < 12 are as follows:
k: 2 3 4 5 6 7 8 9 10 11 12
m:z 0 zZ 0 Z 0 Z Zy, Z 0 Z®Z,.
Proof. Propositions II.10, II.14.

ProrosITION 11.16. In the Adams spectral sequence for HP® and p =3 the
only nontrivial differential for total degrees < 6p — 2 is

dy(eo,6p-2) = beg 4 * hogo,
where b#0in Z,.
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Proof. According to Proposition II.11 the only elements of odd total degree
< 6p — 2 are the classes eg 4 * hogo, r=0,1,2. All differentials on e, 4, vanish,
thus we only need to evaluate d, and d; on e; 6,-,. Proposition II.13 implies
that one of these two differentials is nonzero on eq 6,-,. We use a folk theorem,
which can be proved using the approach of [8] to the Adams spectral sequence:
suppose a stable secondary cohomology operation corresponding to an element
u € E2 *,has a minimal 4-generator as image; suppose this generator determines
the class v € EZ* then d,(v) = u. The proof is completed by remarking that the
operation I' of Proposition II.13 corresponds to ey 4 * hogo-

TreoreM I1.17. If p = 3, the groups IL(HP® ;p) for m < 6p—2 are asfollows
M5 (HP®;p) = Z 0<4k<6p—2,
I5;_(HP*;p) = 0 2j—1=6p—2, j#3p—1,
I, 3(HP*;p) = Z,.

Proof. Proposition II. 16.
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